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1 
The direct method of Liapunov to study the stability problem consists, 
as is well known, in looking for an auxiliary function satisfying suitable 
conditions along the solutions of the differential system under con- 
sideration. The idea of constructing Liapunov functions as combinations of 
first integrals of motion is an old one. For instance, it has been used in 
[ 1, 21 to show that the stability criterium for merostatic motions of 
holonomic systems, given by Routh, assures actually the inconditional 
stability. Some years ago, Arnold [3-71 gave sufficient conditions for the 
stability of an incompressible planar Euler flow by considering as the 
Liapunov function a suitable combination of the energy, vorticity, and 
other possible first integrals. 
In [8-lo] Salvadori pointed out that the circumstances which assure a 
certain kind of stability can be verified by assuming the existence of a 
family, depending on one or more real parameters, of auxiliary functions. 
Of course these functions have to satisfy conditions less stringent than 
those required from the unique auxiliary function in the corresponding 
Liapunov theorem. This idea has been very fruitful of new stability results 
for systems with finite [8-141 and infinite [15-l 61 number of degrees of 
freedom. 
*Work performed under the auspices of C.N.R. and M.P.I. 
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In this note we show how one of the mentioned Arnold’s results can be 
extended to some limit cases which are nontrivial from a physical point of 
view. The result will be obtained by constructing a one-parameter family of 
auxiliary functions which assures the stability of the stationary flow. 
Arnold’s procedure has been used in more general problems of the 
physics of fluids and plasmas [ 171. We think that, also in these problems, 
the approach proposed here could be useful. 
Finally, we remark that other methods have been used to study the 
stability problem for fluids and plasmas [ 18-221 getting results which have 
some overlap with the present one. 
2 
Let S be a dynamical system defined on a set U and let u(t) = U E U be a 
stationary motion of S. Let h: U-+ R+ be such that h(C) = 0. We will use 
the following definition. 
DEFINITION I. The stationary motion U of S is said to be h-stable if 
Vq > 0, 3S = S(v) > 0 such that 
UOE U, Mu,) < S * h(u(t)) < II Vt>O, 
where u(t) is the motion of S satisfying the initial condition u(0) = uO. 
First of all we will adapt to the problem of stability of U a lemma, given 
in [S-lo] as a reformulation of Liapunov theorem on stability, by means 
of a one-parameter family of auxiliary functions. 
LEMMA 1. Let us suppose that there exist y > 0 and a family of functions 
w?f9E~%Y,~ V, : U + R, satisfying the foIiowing conditions: 
(1) tl~~(O,y),31,>O:h(u)>,1fjV,(u)~I,; 
(2) Vtj E (0, y), Va > 0, 36 E (0, a): h(u) < 6 * V,(u) < a; 
(3) t/r] E (0, y), V, is nonincreasing along the motions of S. 
Then, U is h-stable. 
We will use, now, the previous lemma to study a problem in the 
dynamics of fluids. Let us consider, an ideal incompressible fluid moving in 
a domain D c R* bounded by curves r,, i = 0, 1. Let u = (u,, u2) be the 
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velocity field and w = a 1 u2 - a2u1 its vorticity. By the Euler equation we 
have 
div u = 0 
u-n=0 on aD. 
(1) 
We introduce the stream function $ such that 
t~=v+ :=(a,+, -a,+), 
and hence 
co= -AI/I. 
Let ii be the velocity field of a stationary motion and $ its stream function. 
( 1)1 imposes that VI+~ and Vd$ are collinear so that their ratio is well 
defined. In [3-73 Arnold proves that a sufficient condition for the 
h-stability of the stationary motion with h(u) = jD(u - U)* + ju(o - 0)’ is 
3c>O, C>O, such that c<- vA$ < c. (2) 
In this note we prove, by using Lemma 1, that the same stability result 
holds also when in (2) the constant c is assumed to be equal to zero. 
Precisely, we prove 
THEOREM 1. Let us assume that for a constant B> 0 we have 
0 < lVOl < B, where 1 1 denotes the usual norm in R2. Zf there exists a 
constant C > 0 such that 
(31 
then the stationary motion ii is h-stable with h(u) = j&u - ii)’ + fD(co - 6)‘. 
Proof The proof consists in constructing a family of auxiliary 
functions, which satisfy the hypotheses of Lemma 1, obtained as suitable 
combinations of the energy, the vorticity, and the circulations along rj. 
These combinations are of the same kind as that used in Arnold’s theorem. 
For E E (0, 1) let 4,(t) be a scalar function of the real variable 5 such that 
ii = -v’fj:(o) + &VLW. (4) 
409/128;2-8 
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The existence of such a function is assured by the existence of a function 
F(r) such that $ =F(w). In fact if q5’(if) = -F(t) we can assume 
q4, = d + $.$*. We wiii assume FE C’. We have 
and therefore 
(5) 
By hypothesis (3) we have 
&d&(w)dC+E (6) 
and we can modify 4, in such a way that E < #i(c) < C + E on the whole 
real axis. Let u be the velocity held of a perturbed motion and $ = $ + q its 
stream function. For every E > 0 let us consider the functional 
with ui,E = -b:(0)r,). H,(u) is preserved along the motion. 
A,(u) = H,(u) - H,(u) which is also preserved. We have 
H,(u) = q”(u) + H;*‘(u) 
with 
By using (5) we get 
H;“(u) = E J vet, . vcp, D 
and, by the Taylor formula and (6), 
Let 
(7) 
t8) 
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By (7) and (8) we have 
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where B, = B(meas D)“‘, and 
Let q > 0 and let E = E(V) = q/(2@ + q) < 1. Let us set 
V,(u) = A,(u). 
By (9) we have 
Furthermore, by (10) we have that Vcr > 036 E (0, u) such that 
h(u) < 6 * V,(u) cu. 
Finally, the functions V, are constant along the motions. Therefore the 
hypotheses of Lemma 1 are satisfied and the stationary motion U is 
h-stable. 
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